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Wrong-Way Behavior of Packed-Bed 
Reactors: 
1. The Pseudo-Homogeneous Model 

A sudden reduction in the feed temperature to a packed-bed reactor leads 
to a transient temperature rise, which is referred to as the wrong-way behavior. A 
pseudo-homogeneous plug-flow model is used to analyze the structure of this 
transient behavior. The key parameters which determine the magnitude of this 
response are the dimensionless adiabatic temperature rise, activation energy, 
heat transfer capacity, coolant temperature, magnitude of temperature drop and 
length of the reactor. A simple expression is derived for predicing the maximum 
transient temperature rise. 
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SCOPE 

When the temperature of the feed to a packed-bed reactor is 
suddenly decreased a transient temperature rise may occur. 
This surprising dynamic feature is caused by the difference in 
the speed of propagation of the concentration and temperature 
disturbances and is referred to as the wrong-way behavior. 
This response was predicted originally by Boreskov and Slinko 
(1965) and Crider and Foss (1966), and was observed by many 
investigators (Hoiberg et al., 1971; Van Doesberg and DeJong, 
1976a, 1976b; Hansen and Jorgensen, 1977; Sharma and 
Hughes, 1979). 

The wrong-way behavior may damage the catalyst and initi- 
ate undesired side reactions. The need to avoid it complicates 
the control policies and start-up and shut-down procedures of 
packed-bed reactors. At present lengthy numerical simulations 

are required to determine when this behavior may be encoun- 
tered and its magnitude. 

The purpose of this work is to identify the key rate processes 
and parameters which cause this behavior and to develop a 
simple technique for a priori prediction of the highest transient 
temperature without solving the transient equations. This is 
accomplished by analyzing the dynamic response of a plug-flow 
pseudo-homogeneous model of a packed-bed reactor using the 
method of characteristics. First, we determine the structure of 
the solution and the conditions for which a wrong-way behavior 
occurs for a zeroth-order reaction in either a cooled or an 
adiabatic reactor. We examine then how this behavior is 
modified by a rate expression for which the reactants are not 
completely consumed and by intraparticle diffusional resist- 
ances. 

CONCLUSIONS AND SIGNIFICANCE 

The analysis indicates that for a zeroth-order reaction the 
wrong-way behavior occurs only if the reactor is longer than a 
critical length of z,i. The highest transient temperature in- 
creases with reactor length until the reactor is of length z ~ , ~ .  For 

1981. downstream of zrfl. 

any reactor shorter than z,,, and longer than zri the highest 
transient temperature is encountered at the exit of the reactor. 
For a cooled reactor longer than zc.fl the limiting transient-peak 
temperature occurs at z,,,. For an adiabatic reactor the limiting 
transient-peak temperature is encountered at all points 
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When a first-order reaction takes place in an adiabatic re- 
actor a transient temperature overshoot occurs in a reactor of 
any length. However, this transient temperature exceeds the 
original adiabatic temperature of l+P only if the length of the 
reactor exceeds a critical value. The highest transient tempera- 
ture occurs always a t  the exit of the reactor. 

The limiting transient-peak temperature for any nth-order 
reaction in an adiabatic reactor can be determined either by 
solving the algebraic Eq.  34 or by integration of Eq. 41. It 
depends only on the dimensionless adiabatic temperature rise, 
the activation energy and the new feed temperature. For a 
zeroth-order  reaction in  a cooled reactor  t h e  limiting 
transient-peak temperature depends also on the dimensionless 
heat transfer capacity and the coolant temperature. It can be 
determined by a simultaneous integration of Eqs. 39 and 40. 
Numerical examples indicate that a sudden temperature de- 
crease may lead to a very high temperature excursion and 
should be avoided. In certain cases the temperature peak in a 

cooled reactor may exceed that attained in an adiabatic re- 
actor, in which the same reaction is carried out. 

The simple model used here  enables a graphical construction 
of the transient profiles for a zeroth-order reaction. The 
method uses two steady-state profiles and the line of zero 
concentration and requires no additional numerical computa- 
tions. For  the adiabatic first-order reaction a method is de- 
veloped for decoupling the equations describing the transient 
temperature and concentration. Once the steady-state profiles 
have been obtained the temperature a t  any point within the 
region of influence of the disturbance can be determined by 
integration of the single ordinary differential Eq. 44. The 
inclusion of intraparticle concentration gradients decreases the 
magnitude of the transient temperature rise and increases the 
time during which excessive temperatures may occur. The 
predictions of this model provide useful insight into the 
wrong-way behavior and can serve as a baseline against which 
predictions of more refined and complex models can be com- 
pared. 

One of the most interesting dynamic responses of packed-bed 
reactors is the so called wrong-way behavior which refers to a 
transient temperature rise in the reactor caused by a rapid 
decrease in the feed temperature. This phenomenon was pre- 
dicted first by Boreskov and Slinko (1965), and Crider and Foss 
(1966). It was observed by Hoiberg et  al. (1971)for a homogene- 
ous liquid-phase reaction in a packed-bed, by Van Doesberg and 
DeJong (1976a, 1976b) in the catalytic methanation of carbon 
monoxide, and by Hansen and Jorgensen (1974) and Sharma and 
Hughes (1979) in the oxidation of carbon monoxide. McGreavy 
and Naim (1977) discovered this behavior during the dynamic 
simulation of a packed-bed reactor in which several reactions 
occur. Eigenberger (1974) has shown that a wrong-way behavior 
may occur even in an empty tubular reactor when the influence 
of the wall is significant. Sampath et  al. (1975) observed a similar 
response in the simulation of a noncatalytic gas-solid packed-bed 
reactor 

The wrong-way behavior is caused by the different speeds of 
propagation of concentration and temperature disturbances in 
the bed. The cold feed cools the upstream section of the reactor, 
and decreases the reaction rate and conversion in that region. 
The cold fluid with higher than usual concentration of uncon- 
verted reactant eventually contacts hot catalyst particles in the 
downstream section of the bed. This leads to a very rapid reac- 
tion and a vigorous rate of heat release, which causes a transient 
temperature rise. The behavior resembles the well known in- 
verse response of lumped-parameter systems, in which an out- 
put variable moves initially in the opposite direction of where it 
eventually ends up (Luyben 1973; Auslander e t  al., 1974). 

The wrong-way behavior may complicate considerably the 
control and start-up of packed-bed reactors. The transient peak 
temperature may surpass the highest steady-state temperature 
and can damage the catalyst or initiate undesired side reactions 
leading to a runaway. Moreover, when multiple steady states 
can exist the wrong-way behavior may shift the reactor to an 
undesired steady state, as observed by Sharma and Hughes 
(1979) during the oxidation of carbon monoxide. 

At present, no information or criteria are available for predict- 
ing the conditions under which the wrong-way behavior exists or 
its magnitude. Hence, lengthy numerical calculations are used 
to determine its occurrence. The goal of this work is to develop 
an understanding of the conditions under which this interesting 
dynamic response appears and to develop simple criteria pre- 
dicting its magnitude. 

MATHEMATICAL MODEL 

We study the wrong-way behavior by analyzing the response 
of a packed-bed reactor, in which a single exothermic reaction 
occurs, to a sudden decrease in the feed temperature. A plug- 
flow pseudo-homogeneous model is used in the analysis. This 
simple model is not capable of describing some important be- 
havioral features of the reactor such as steady-state multiplicity. 
However, this model enables a rapid determination of the struc- 
ture of the transient behavior and a clear demarcation of the key 
parameters. In addition, its analysis gives valuable insight into 
the conditions under which this phenomenon may occur. 

In this paper, we study the dynamic response of an adiabatic 
or a cooled reactor in which a zeroth-order reaction occurs, and 
that of an adiabatic reactor in which a first-order reaction occurs. 
We also develop a procedure for calculating the limiting 
transient-peak temperature following a rapid decrease in the 
feed temperature to an adiabatic packed-bed reactor in which an 
irreversible nth-order reaction is carried out. 

The model neglects axial dispersion of both species and 
energy and assumes that the temperature and concentration are 
independent of radial position so that the independent variables 
are to be  interpreted as cross-section averages. For simplicity, 
we assume constant physical properties and neglect the 
influence of temperature on the velocity. Defining 

the dimensionless species and energy balances are: 
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(3) 

where H ( x )  is the Heaviside function. The corresponding boun- 
dary and initial conditions are: 

x(z ,  0) = X i ( Z )  (44  

Y(Z. 0 )  = y i (z)  (411) 

x(0, t )  = 1 (44  

where the steady-state profiles xi(z) and yi(z) are the solutions of: 

In particular, the profiles x i  and yi correspond to the boundary 
conditions x,(o) = 1 and yJo) = 1. The solutions of Eqs. 5 and 6 
with x,(o) = 1 and ys(o) = 0 are denoted by a,(?) and y,(z). The 
adiabatic case is obtained by setting U = o in Eqs. 3 and 6. It is 
well known that for nth-order reactions with n < 1 the reactants 
are completely consumed at a finite distance, denoted by zr.. If n 
2 1 the reactants are never completely consumed. 

We shall examine later the influence of intraparticle concen- 
tration gradients in the special case of a first-order reaction. In 
this case, f(y) in Eqs. 2, 3, 5 and 6 has to be multiplied by the 
effectiveness factor r) which depends on y and the Thiele 
modulus 

+,p& S, m. (7)  

Steady-State Analysis 

The steady-state temperature in an adiabatic reactor in which 
an nth-order exothermic reaction occurs increases mon- 
otonically in the downstream direction. If n < 1 the re- 
actants are consumed at z,, and the temperature remains con- 
stant for all z > z<.. In a cooled reactor with a zeroth-order 
reaction three types of temperature profiles exist in the region in 
which the reactants are not completely consumed. If the feed 
temperature is y(, and 

then 

Y ( 4  = yo (9) 

for all z 5 z,. If Eq. 8 is not satisfied integration of Eq. 6 gives 

where 

According to Eq. 10, F(y) cannot vanish for any finite z ,  so that 
dy/dz cannot change its sign for 2; 5 z,.. Thus, if F(y,) > 0 the 
temperature increases monotonically for z 5 zc. For all z > z,, 
the temperature approaches asymptotically ya. and is given by: 

y(z) - yW = [y(z,) - ylr] exp [ - U ( z  - z,)] z > z,.. (12) 

Thus, when F(y,) > 0 points with the same temperature exist on 
either side of z,. This introduces distinctive features which are 
not found in an adiabatic reactor. The sign of F(y,,)  depends on 
the location of yo relative to the zeroes of F ( y ) .  When F ( y )  has a 
unique zero, yl, then F ( y , )  is positive if yo < y, and negative 
otherwise. When F ( y )  has three zeroes y,, yz,  a;d y3 then F(y,,)  is 
positive ifeither yo < y1 or y2 < yo < y3, and negative otherwise. 

I I t  I 

0 
Z 

Figure 1 .  Various regions in the z-t plane for a sudden change in feed 
temperature. 

Integration of Eqs. 5 and 6 for the adiabatic case gives (Doug- 
las and Eagleton, 1962): 

z = exp (-Y)/PIY exp (Y/Y) - yo exp (Y/YJ 
+ Y[Ei(Y/Y , )  - Ei(Y/Y)l) n = 0 (134 

z = exp (-Y) IEi(y/y) - W ~ l y , , ) }  

where the exponential integral Ei is defined as (Abramowitz and 
Stegun, 1971): 

For a zeroth-order reaction in a cooled reactor, Eq. 10 gives: 

z = Y / P  exp ( -Y)F,(UY exp ( - Y ) / P ,  Y~JY, Y/Y, YJY) (15) 

where we define 

Eq. 13a is in fact a special case of Eq. 15. In order to determine z ,  
for a zeroth-order reaction, we find the value of y for which r 
vanishes. Dividing Eq. 5 by Eq. 6 and integrating yields: 

p(1 - x) = rF0Wy exp (-r)/p, Y,,/Y, Y/Y, yo/?'] (17) 

where we define 

(18) 
dt 

F,,cn. 6. tcI,  t c , )  - A 1,: 1 + a(b - t )  exp ( l l t )  
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In the adiabatic case U = 0 and 

P(1 - x) = Y - Yo. (19) 

It follows that z, can be computed from Eq. 15, using either Eq. 
17 or 19 to determine the value of y for which x = 0. 

In the transient analysis of the zeroth-order case we shall use 
an extended steady-state profile, denoted by ye. This is the 
dimensionless temperature profile computed from either Eq. 
13a or 15 with yo = 1, ignoring the fact that the concentration 
vanishes at z = z<.. Clearly, the initial and extended steady-state 
profiles are identical for all z I z,.. 

Consider now a first-order reaction occurring in an adiabatic 
packed-bed reactor with intraparticle concentration gradients. 
When +,, << 1 r )  + 1 and Eq. 13b is valid. For large diffusional 
resistances (4" >> 1) 

temperature or y characteristics 

t = z - 5c(c;, - l)/u,. (26) 

Similarly, setting T equal to a constant in Eq. 25 defines a family 
of concentration or x characteristics 

t = z / e ,  + T,.(U,. - l)/c,. (27) 

The speed of propagation of the concentration and tempera- 
ture disturbances are represented by the inverse of the slopes of 
the x and y characteristics, respectively. For liquid-solid sys- 
tems c, > 1 while for gas-solid systems o, >> 1. 

The y and x characteristics passing through the point at which 
the step decrease in feed temperature occurs, are represented 
by the straight lines OAE and OBC in Figure 1. The region 
bounded by these two characteristics is the region of influence of 
the disturbance. In other words, the transient behavior due to 
the disturbance is limited to points bounded by OAE and OBC 
in the (2, t )  plane. 

In the region below OBC, denoted as R,, the dimensionless 
concentration and temperature profiles are xi(=.) and yi(z); while 
in the region above OAE, denoted as R3, the concentration and 
temperature profiles are x,{(z) and y&). It can be shown that the 
concentration profiles are continuous across the limiting charac- 
teristics OBC and OAE. However, because of the temperature 
jump at 0 the temperature is not continuous across the tempera- 
ture characteristic OAE, but is continuous across the concentra- 
tion characteristic OBC. The dashed line in Figure 1 is the locus 
of the points at which the concentration vanishes at any time t > 
0 for a reaction of order less than unity. In this case it can be 
shown that the reactor length at which complete conversion is 
attained for the new steady state, z,.,,, is larger than that corre- 
sponding to the initial steady state, z,,. All the interesting 
dynamic responses occur in R, and R5 in the ( z ,  t )  plane. 

and Eq. 13b can be still used if z is replaced by 24;' and is 
replaced by y/2. In the intermediate range of 4o where neither 
asymptotic form of r)  holds the temperature profile may be 
computed from 

In general fr) is a monotonic increasing function of y for all 4o 
and 7 is a monotonic decreasing function of 4". Thus, the 
steady-state temperature at any fixed position in the reactor 
decreases as 4, is increased. It also follows from Eq. 21 that at a 
fixed position the temperature in the initial steady state (yo = 1) 
is higher than that in the new steady state (yo = 0). 

Structure of the Transient Solutions 

The hyperbolic Eqs. 2 and 3 may be solved by the method of 
characteristics (Aris and Amundson, 1973). This method enables 
the determination of all the qualitative features of the dynamic 
response without having to carry out any numerical computa- 
tions. 

We present here some background material concerning the 
nature of the solutions of Eqs. 2 and 3 in the ( z ,  t )  plane. This 
information will be utilized in the following sections to analyze 
the wrong-way behavior. As this behavior occurs only when the 
initial steady-state temperature increases with conversion, we 
restrict the analysis to such cases and ignore the uninteresting 
case in which the reactor is overcooled, so that the temperature 
is a monotonic decreasing function of z ,  i.e. when F(l) < 0. 

We first replace the variables z and t by new variables 5 and 7 

defined so that 

at  1 
a t -  t;,. 

- 

a= at  - a: 
a t  a7 a7 - 1. - 

(224 

Applying these definitions and the chain rule, Eqs. 2 and 3 may 
be transformed into 

(24) 

Choosing the origin of the (5, 7) coordinates to coincide with the 
origin of the (z , ,  t )  coordinates, integration of Eq. 22 gives 

z = < + 7  (25a) 

(25b) t = t / c , ,  + 7. 

Setting < i n  Eq. 25 equal to a constant defines a family of 

DYNAMICS OF ZEROTH-ORDER REACTION 

We now examine the basic features of the transient solution 
by restricting the discussion to the zeroth-order reaction. We 
shall treat later the case of an adiabatic first-order reaction to 
illustrate the new behavioral features introduced by a reaction 
for which the reactants are not completely consumed. A unique 
feature of the zeroth-order reaction is that the transient temper- 
ature profiles may be constructed directly from the extended 
steady-state profiles. To illustrate this, consider two points T 
and T '  in R4 so that z ( T )  = z (T ' ) .  Let LT and L'T'  be two 
temperature characteristics passing through T and T ' ,  respec- 
tively (see Figure 2). Both L and L' are located at : = 0 and t < 0 
so that y(L) = y(L') = 1. It follows from Eq. 24 that for any x > 0 
y depends only on the initial condition and the length of the 
integration path so that y(T) = y(T'), and 

___-  - o ~ i n  R,. 
at  

For z I zCi the points with the same z in R, and R4 have the 
same temperature. Stated differently, the transient tempera- 
ture in this portion of R, is the same as that of the initial steady 
state. For z > zcf the temperature in R, is that of the extended 
steady state. Since the temperatures of the initial and extended 
steady states are the same for z < zcI, we can state that the 
temperature at any point in R, is that of the extended steady 
state. 

The temperature at any point ] (see Figure 2) to the right of 
the zero concentration line is attained by integrating 

along the y characteristic passing through] which intersects the 
zero concentration line at K .  For example, the temperature at 
point ] in Figure 2 is given by 

AlChE Journal (Vol. 27, No. 2) March, 1981 Page 237 



Z 
Figure 2. A schematic for the region of influence for a sudden change in 

feed temperature. 

In the adiabatic case U = 0 and the temperature characteristics 
to the right of the zero concentration line are isotherms. 

In the special case of a reaction which is completed in a finite 
length, the temperature characteristic BD and the concentra- 
tion characteristic BC bound a region, denoted by Rz in Figure 
1, in which the concentration and temperature at any point is 
equal to that of a point in R, with the same z coordinate, i.e. that 
of the initial steady state. Thus, in R2 x = 0 while y is given by 
yi(z). We prove in the appendix that for any point in R, 

and 

c 

wi 
E 

ax 
- > 0, 
at 

0 
2 

0 
2 

Figure 3. isotherms for a zeroth-order reaction. Parameters ore: y =  12 and 
0=0.98. For the cooled reactor U =  1 and yw=0.9. 

Eq. 32 implies that any isoconcentration line, defined by the 
graph 

x(z, t j  = constant, (33) 

bends to the right with a slope exceeding that of the y charac- 
teristics. This guarantees that all the isoconcentration lines 
intersect any y characteristic. In particular, the line of zero 
concentration crosses the limiting concentration characteristic 
OC at some point B, say. It then bends to the right with a slope 
greater than unity and finally intersects the limiting tempera- 
ture characteristic OE at point A. A simple numerical scheme for 
computing any isoconcentration line is presented in the appen- 
dix. 

For a cooled reactor the temperature in R5 decreases along a y 
characteristic and the y characteristics intersect successively 
cooler isotherms. Thus, the slopes of the isotherms must exceed 
the unity slope of the y characteristics. In the adiabatic case the y 
characteristics in R5 are the isotherms. Figure 3 depicts the 
isotherms for the adiabatic and cooled reactors. An interesting 
feature of the cooled reactor is that within a steady-state region 
the isotherms may exist in two disjointed segments. The 
isotherm y = 1.1 in Figure 3 illustrates this behavior. 

The regions in the (2, t )  plane in Figure 1 were constructed 
without regard to the reactor length. For a reactor with a specific 
length (z,., say) one needs to consider only the regions bounded 
between the vertical lines z = O  and z = 2,. so that certain regions 
shown in Figure 1 may not exist. For example, $2,. < z,.i then 
regions R2 and R3 do not exist. 

We define the wrong-way behavior as a transient temperature 
rise which results from a sudden decrease in the feed tempera- 
ture. Inspection of Figure 1 indicates that this behavior can 
occur only if the reactor is longer than z,i as the temperature at 
any point in R4 with z 5 z,i is that of the initial steady state. 

Limiting Transient-Peak Temperature 

The highest temperature in the ( z ,  t )  plane occurs at the 
right-most point in R4, A ,  where z = z r r r .  This limiting 
transient-peak temperature will be denoted by y,,. It may be 
determined by substitution of the value of zr,, into Eq. 13a or 15 
which describe the extended steady state. For an adiabatic 
reactor y,, is the solution of 

(P + 0) exp [r/(P + 011 - 0 exp (rl0) 
+ Y @ ~ ( Y / @ )  - E i [ y / ( P  + @I> 

= Y,, exp ( Y / Y , J  - exp (Y) + y [ E i ( y )  - Wy/y,Jl. 

(34) 

In this case, y,, depends only on the dimensionless activation 
energy y ,  adiabatic temperature rise /3, and new feed tempera- 
ture 0. The analogous expression for the cooled reactor is 

F,(UY exp ( - Y ) / P ,  Y,,./Y, y,,,/Y, 0 l Y )  

= F, (UY exp ( - Y ) / P ,  y,,/y, Y,JY, l l y )  (35) 

Here y,, depends on the dimensionless heat transfer capacity 
U and wall temperature yIC in addition to y ,  P and 8. In an 
adiabatic reactor y,, > 1 + P .  No similar lower bound exists for 
the cooled reactor. 

For any reactor with z,. 2 zrr,  the limiting transient-peak 
temperature is attained at 2 = z,.,, in a cooled reactor and at all 
the points in (z,.,,, z,.) in an adiabatic reactor. For any reactor 
with length zci < z,. < z,.,, a temperature greater than y,(zci) but 
less than y,, will occur at some time for all the points for which z 
> zri .  The highest transient temperature occurs at the outlet of 
the reactor and is equal to that of the extended steady state as 
computed by either Eq. 13a or 15 with z = =,.. Examples 
illustrating the development of the transient temperature rise 
will be presented in the next  section. 

We have seen that the wrong-way behavior occurs only if 2,. > 
zc, .  The highest transient temperature can be computed from 
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Eq. 13a or 15 ifz,.; < zr < z,.,~ or from Eq. 34 or 35 ifz, > z,.,~. The 
use of Eq. 13a or 34for computing the highest temperature in an 
adiabatic reactor is rather convenient since tables of the expo- 
nential integral are available. However, tables of F,, and F ,  are 
not available and we shall now describe a more convenient 
approach for computing the limiting transient-peak tempera- 
ture in a cooled reactor. 

For z, = z,.,, Eq. 10 gives 

I 
Differentiating Eq. 36 with respect to 6 and rearranging gives 

I 

Since x,, = 0 at z = z,.,, Eq. 17 becomes 

1 
p=.15 

\ I/ 
I 
I 
I 
I 
1 
I 

Differentiation of Eq. 38 with respect to 0 yields 

dy,,, - f(W(y,,J 
do F(e)f(Y,.,l) ' 

-- 

Substitution of Eq. 39 into 37 gives 

I 
I 
I 
I 
I (39) 

I 
I 
I 
I 
I 
I 

In the special case of an adiabatic reactorf(y) = F(y) and ync = 19 
+ P which gives 

Eq. 41 may be integrated numerically to get graphs of y,, vs. 8 
of the type displayed in Figures 4 and 5. Eq. 41 may also be 
integrated analytically to obtain the implicit Eq. 34. For a cooled 
reactor the relation between and 0 is not simple, and Eqs. 39 
and 40 need to be solved simultaneously to get the yI, vs. 0 
graphs. It will be proven later that Eqs. 34 and 41 can be used to 
predict the limiting transient-peak temperature for any n-th 
order reaction in an adiabatic reactor. 

Figures 4 and 5 show that y,, increases slowly with decreasing 
0 close to unity. However, when 0 becomes smaller than a 
certain critical value O*,  y,, increases very rapidly to unrealisti- 
cally high values. This indicates that beyond 8* additional physi- 
cal phenomena not included in this simple model, must become 
significant and decrease the limiting transient-peak tempera- 
ture. It is interesting to note that for sufficiently small @, i.e. for 
sufficiently large reduction in the feed temperature, the limiting 
transient-peak temperature attained in a cooled reactor is higher 
than that attained in an adiabatic reactor in which the same 
reaction is carried out. Thus, the cooling may increase the 
transient temperature excursion following a rapid decrease in 
the feed temperature. 

The graphs suggest that potential problems are associated 
with a rapid decrease in the feed temperature, and that the 
transient-peak temperature may be high enough to damage the 
catalyst or to initiate dormant side reactions. 

Graphical Construction of Transient Temperature Profiles 

It is of practical interest to know in addition to the peak 
temperature the shape of the temperature profiles at various 
times and the temperature histories at several points. For the 
case of a zeroth-order reaction this information can be deter- 
mined by a simple graphical scheme using the ( z .  t )  plane and 
the new and extended steady-state profiles. This scheme will be 
illustrated by means of Figure 6. 
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The upper part of Figure 6 is a representation of the (2, t )  
plane with OPA and OBC bounding the region of influence of 
the sudden disturbance. Due to the high value of u, the charac- 
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Figure 6. Graphical construction of a transient temperature profile for a 

zeroth-order reaction in a cooled reactor. 

teristic OBC is indistinguishable from the z axis. The lower 
portion of Figure 6 includes the profiles y,, - yIr  and y,) - ya. on a 
logarithmic scale. 

Suppose the profile at a time t is desired. The horizontal line t 
= tintersects OPA at P ,  the line of zero concentration at V, the 
line BD at Q and the line z = z r  at R. Let L denote an arbitrary 
point on VQ and M be the point where the y characteristic 
through L intersects the line of zero concentration. A primed 
letter denotes a point in the bottom portion of Figure 6 corre- 
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Figure 8. Transient temperature profiles for a zeroth-order reaction in a 

cooled reactor with 8=0.98. 
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Figure 7. Transient temperature profiles far a zeroth-order reaction in an 
adiabatic reactor with 0=0.98. 

sponding to the one denoted by the same letter in the top 
portion of the figure. 

For all z < z ( P )  the transient profile is the same as the new 
steady state. At P ,  the temperaturejumps to that of the extended 
steady-state profile. For all the points between P and V the 
transient profile is the same as the extended steady-state profile, 
so that the highest temperature at time t is attained at \’. In the 
region between V and Q the temperature decreases exponen- 
tially from its value at 17. Thus, at a point L in (V, Q) 

In(y(L) - y l r )  = In(y(M) - y,(.) - L‘[z(L) - z ( M ) ] .  (42) 

The graphical solution of Eq. 42 is accomplished hy drawing a 
vertical line from M intersecting the extended steady state at 
M ’ .  The intersection of a line with a slope of -I! through M ’  
with a vertical line through L determines L’, the desired point 
on the transient temperature profile. For any point in (Q, R )  the 
temperature is equal to that of the initial steady state. A similar 
procedure may be used to determine the concentration profile 
using the new and extended steady-state profiles (Mehta, 1978). 

The same graphical scheme may be used for an adiabatic 
reactor with y,,. being any convenient reference temperature 
and the slope of M’L’ being zero. A simpler scheme is to plot in 
the lower portion of Figure 6 yr and yIZ on alinear scale and to use 
the same procedure a s  before. 

Figure 7 illustrates the temperature profiles in an adiabatic 
reactor. A temperature jump is always attained at the point 
corresponding to the intersection of the line t = t with the y 
characteristic OA. The peak develops in the region z > zcE and 
becomes fully developed for t = zrn.  For all times t 2 zr,, the 
tetnperature profile jumps directly from the new steady state to 
y,, without an intervening segment from the extended steady 
state, and this completely developed peak moves downstream 
without a change in shape, at a constant velocity of 1. After one 
thermal residence time ( t  = z,.) the peak exits the reactor and the 
new steady state is attained. 

In the cooled reactor (Figure 8), a temperature peak exists at z 
= zrr in the initial steady state. During the transient period this 
peak sharpens and moves downstream. At t = zrlr, the peak 
attains its maximum amplitude and is located at z = zrn.  For z,,, 
< t < z ,  two temperature peaks exist. The first peak corresponds 
to the peak in the new steady state at z = z,.,,. This is followed by 
a decay for z,.,, < z < t and a jump to the primary peak at z = t .  
The primary peak propagates downstream with decreasing 
amplitude and leaves the reactor after one thermal residence 
time. 

The behavior of the temperature at a fixed point can he 
det-rrnirred by examining cither Figure, 1 or3. Consider first the 
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adiabatic reactor. For z < zcr the temperature remains in the 
initial steady state, y,(z), until t = z. It then drops to the new 
steady-state value, y,(z). For z,, < z < z,, the temperature 
remains at 1 + p in region R2. The temperature rises with time 
in R, and reaches its maximum value, y,(z), at the boundary 
between R4 and R5. The temperature remains at this value until 
t = z .  It then drops to the final value, y,(z). For z > z,, the 
behavior is similar to the preceding case, but there exists no 
period during which the temperature remains constant at its 
maximum value. 

In a cooled reactor the qualitative behavior of the tempera- 
ture at a fixed point is similar to that in an adiabatic reactor, and 
the preceding discussion is valid with the exception that in Rz 
the constant temperature yl(z) is less than 1 + p. It is of interest 
to note that in an adiabatic reactor the new steady-state temper- 
ature at any point is lower than the initial temperature. How- 
ever, in a cooled reactor the local steady-state temperature may 
increase upon a decrease in the feed temperature in a region 
close to the exit. This-behavior may lead to a control action in the 
wrong direction and complicates the development of rational 
control policies for the reactor. 

The concentration at any fixed point z < z,, remains at its 
initial value. x,(z),  until R4 is reached. The concentration then 
increases according to Eq. A l l  until it reaches the final value of 
x,(z) at t = z .  The concentration for z 2 z,, is zero for all times. 

A FIRST-ORDER REACTION IN AN ADIABATIC REACTOR 

A first-order reaction is an example of one for which the 
reactant is not completely consumed in a reactor of finite length. 
Therefore the zero concentration line and regions R2 and R,  do 
not exist in this case. The transient analysis of the first-order 
reaction is more complex than that of the zeroth-order reaction 
since Eqs. 2 and 3 remain coupled within R,. In the appendix we 
show that 

(43) 

Thus, in contrast with the zeroth-order case the isotherms in R,  
are not vertical. In order to study the behavior of the isotherms 
in more detail use is made of the equation 

which is derived in the appendix. Starting at a point R on OE 
(see Figure 2), Eq. 44 can be integrated along an x characteristic 
to obtain the temperature at any point Tin R,. Ify(R-) < 1 + p, 
then y increases along the characteristic and asymptotically 
approaches 1 + P: If y ( K )  = 1 + p, then ay/a[ is zero, and the x 
characteristic is the 1 + /3 isotherm. If y(R-) > 1 + p, y 
decreases along the characteristic and asymptotically ap- 
proaches 1 + p. Since the temperature increases monotonically 
along OE, the point on OE where y = 1 + /3 is unique. This 
point is denoted by M in Figure 9. 

The x characteristic through M which is the 1 + p isotherm is 
denoted by M N .  This isotherm is referred to as the critical 
isotherm since it divides R4 into tworegiom. In the region below 
M N  denoted R,, the temperature is lower than 1 + p and in the 
region above M N ,  which is called R4br the temperature is higher 
than 1 + /3. The z coordinate of point M is called the critical 
reactor length and is denoted by zCr. The isotherms must be 
vertical as they cross OC because of continuity. According to 
Eq. 43, the isotherms in R,, bend to the left and terminate on 
OM since the temperature for any isotherm which intersects OC 
is lower than 1 + P. Since a y / q  < 0 in R4b,  the x characteristics 
must cross successively cooler isotherms so that the slope of the 
isotherms in R4h is greater than Ihc, the slope of the x charac- 
teristics. Likewise, since ay/a7 > 0 the slope of the isotherms 
must be less than unity, the slope of the y characteristics. Figure 
9 portrays the isotherm pattern in R,. 

In the case of negligible diffusion resistance Eq. 44 can be 
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Isotherms for a first-order reaction in an adiabatic reactor. 

integrated analytically to determine y in R4,1 from 

and in R 4 h  from 

where El is defined as (Abramowitz and Stegun, 1971) 

(47) 
exp (-tot) dt. 

In the case of a large diffusional resistance Eqs. 45 and 46 may be 
used by replacing 5 by 44;' and y by 3//2 according to Eq. 20. In 
the intermediate case the temperature at T is obtained by inte- 
grating Eq. 44 numerically. If y(R-) # 1 + /3 then x(T) can be 
obtained from the following expression proved in the appendix 

If y(R-) = 1 + /3 then 

Temperoture Along OE 

The maximum temperature at a fixed location L occurs at the 
intersection of the vertical line z = Z with the limiting charac- 
teristic OE, since ay /a t  > 0 in R4. The maximum temperature 
along OE, i.e. the highest transient temperature in the adiabatic 
reactor occurs at the reactor exit, E .  This is in contrast with the 
zeroth-order case in which the maximum temperature exists 
over a finite interval (zctt, z,) in an adiabatic reactor. An expres- 
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Figure 10. Transient temperature profiles for a first-order reaction in an 
adiabatic reoctor with negligible diffusional resistance. 

sion determining the maximum possible temperature along OE 
in an adiabatic reactor in which a reaction with separable kine- 
tics occurs is obtained by writing Eq. 24 immediately to the right 
of OE 

y-(O) = 1, 

and to the left of OE 

where g(x) and G(y) are the concentration and temperature 
dependences of the separable rate expression, and we use the 
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Figure 1 1. Transient temperature profiles for o first-order reaction in on 
adiabatic reactor accounting for intraparticle diffusional resistance. 

fact that x is continuous across OE. Division of Eq. 50 by Eq. 52 
gives 

(54) 

y-(y,l = e) = 1. (55) 
Separating variables and integrating yields 

II” 2& = \*’’L dy’ 
G(Y’) . 

Differentiating Eq. 56 with respect to 19 gives 

If the reaction is completed in a finite length, then y,, can be 
computed from Eq. 57 by setting yn equal to its maximum value 
of 0 + /3. When C(y) is of the Arrhenius form Eq. 57 becomes 
Eq. 41. Thus, Eq. 41 and its integrated form Eq. 34 can be used 
to compute y,, for any n-th order reaction in an adiabatic reactor. 
When the reactant is not completely consumed in a finite 
length, y,, approaches asymptotically 0 + /3 for a very long 
reactor, and the temperature computed by Eq. 57 is an upper 
limit on the highest temperature in the reactor. The closeness of 
the approach to y,, depends on the length of the reactor and on 
g(x). For a first-order reaction with diffusional resistance Eq. 41 
is again obtained for either negligible or large diffusional resist- 
ances. In the latter case y is replaced by y /2 .  

G(y)  is a monotonic increasing function of y. Thus, it follows 
from Eq. 54 that 

[ y 1 4  y-(R) - y,,(R) > 1 - 8, (58) 
that is the temperature jump across OE is larger than the step 
jump in the feed temperature. When G(y)  is of the Arrhenius 
form Eq. 54 can he integrated analytically to give 

Structure of  Tronrient Temperature Profiles 

For a first-order reaction the transient temperature at any 
fixed point increases with time in R4 according to Eq. 43. Thus, a 
wrong-way response occurs irrespective of the reactor length. 
The transient temperature exceeds the original adiabatic tem- 
perature of 1 + /3 only in R4,,. Therefore, a temperature excur- 
sion of y > 1 + /3 occurs only for sufficiently long reactors, i.e., zr  
> I,.,.. 

Unlike the case of a zeroth-order reaction, the transient tem- 
perature profiles cannot he constructed graphically, but are 
obtained by solving either the daerential Eqs. 6, 54, and 44 or 
the implicit Eqs. 13a, 59,45, and 46 for y,,, y-(R), and y(T) .  The 
concentration is then found from Eq. 19, 48, or 49. Figures 10 
and 11 portray the transient temperature profiles for various 
times. Figure 10 is drawn for the case of negligible dsusion 
resistance. Figure 11 is for d,, = 0.5 with all other parameters 
the same as in Figure 10. For z < t the temperature profile 
follows the new steady state. At z = t the temperature jumps to 
y-(t) which is higher than y i ( t ) .  For small values of t  the temper- 
ature increases monotonically with increasing axial position for 
points to the right of the jump, e.g. t = 0.4 in Figure 10 and t = 
0.4 and 0.8 in Figure 11. For large t the temperature to the right 
of the jump decreases with axial position resulting in a peak in 
the temperature profile. Since the right hand side of Eq. 54 is 
greater than unity, the magnitude of the temperature discon- 
tinuity increases with time. Thus, as the discontinuity propa- 
gates down the reactor it simultaneously becomes larger in 
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Figure 12. The critical isotherms for two different Thiele moduli and a 
schematic of the corresponding crossover graph. 

magnitude and develops a peaked shape. The diffusional re- 
sistance delays the development of the peak relative to the case 
of negligible resistance (compare the profiles for t = 0.8 in 
Figures 10 and 11) and lowers the peak temperature. For all t > 
zJu, the transient profile approaches the initial steady-state 
profile downstream from the discontinuity. If t < z,./u, then yi 
persists for z > u,t. The concentration is continuous along t = t 
but a discontinuity in dx/dz occurs at the intersection with OE. 

The temperature and concentration variation at a fixed z are as 
follows. F o r t  < z /uC the temperature and concentration remain 
at their initial steady-state values, yi(z) and x i (z) .  At t = z / u ,  the 
temperature and concentration begin to rise and reach their 
maximum values, y-(z) and x,(z), at t = z .  The temperature then 
drops to y,,(z) while the concentration remains at x,(z). 

Transient Temperature Increase by Diffusional Limitation 

It has already been pointed out that increasing +o decreases 
the steady-state temperature at a fixed point in the reactor. In 
the appendix it is shown that the same behavior occurs along OE 
during the transient period, so that 

y-m,  401) < Y-@, 402 )  (60) 

401 > 4 0 2 .  (61) 
The maximum temperature occurs at E and Eq. 60 implies that 
increasing 4" decreases the highest transient temperature. We 
now examine whether y(T, c # ~ ~ ~ )  < y(T, &)for all points Tin R,, 
i .  e. whether  increasing 4ol decreases the temperature  
everywhere in the (2, t )  plane. Consider a point Tin  R4 for two 
reactors withThiele moduli and 4oz which satisfy Eq. 61. For 
each reactor a critical isotherm MiNi  exists, and according to Eq. 
60 MINI must lie above M,N,  (see Figure 12). If T lies in the 
region between M I N I  and MzNz then 

if 
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Figure 13. The crossover effect at the reactor exit G=2.0). 

Y(T, 401) < 1 + P < y(T, 402). (62) 

If T lies below M2N2 then 

y(T, 401)  < Y(T, 402)  

7)(Y> 401)  [1 + P - Y1 < P(Y> $02) 

(63) 

+ P - Y1. (64) 

(65) 

because of Eqs. 44, 60 and 

If T lies above MINl then y > 1 + P and 

0 > P(Y, $01) [1 + P - YI > ?(Y, 4 0 2 )  [1 + P - YI. 
Thus, starting at R, y(T, 4 ~ )  > y(T, 401), but y(T, 4 d  de- 
creases more rapidly than y(T, Cpol) along an x characteristic. It 
can be shown that a point exists such that y(T, $02) = y(T, 401) 

(Mehta, 1978). We define a crossover graph as the locus of 

y(T, 401) = Y(T, 402). (66) 
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Figure 14. The crossover effect ot t= 1.2. 
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In the region of the ( z ,  t )  plane to the right of the crossover graph 
the temperature in the reactor with the larger diffusional resist- 
ance exceeds that in the one with the smaller diffusional resist- 
ance. 

Figures 13 and 14 illustrate the crossover effect. In Figure 13 
the temperature-time variations at the reactor exit for 4, = 0 and 
40 = 0.5 are compared. While in both cases y,(z,) = 1 + f l  the 
transient-peak temperature for 4" = 0 is considerably higher. 
However, during the time interval from approximately 0.8 to 
1.8 the temperature for 4" = 0.5 is higher, i.e. there is a period 
of time prior to the arrival of the peak during which the diffu- 
sional resistance raises the temperature. In Figure 14 the fixed 
time variation of the temperatures for 4, = 0 and 4 = 0.25 are 
compared. Again the peak temperature for 4, = 0 is higher, but 
there exists a region downstream from the peak in which the 
temperature for 4, = 0.25 is higher. The graphs indicate that 
increasing the diffusional limitations lowers the transient-peak 
temperature and makes the response more sluggish. The graphs 
also show that during part of the transient period a crossover 
behavior occurs, and the temperature in the reactor with the 
larger diffusional limitation can exceed that in the one with the 
lower diffusional resistance. 

CONCLUDING REMARKS 

The analysis indicates that a large temperature excursion may 
be caused by a sudden decrease in the feed temperature. This 
transient temperature rise may damage the catalyst, initiate 
dormant undesired side reactions, and lead to a runaway. Thus, 
rapid temperature changes should be avoided in any packed- 
bed reactor control and shut-down procedure. When afailure in 
a preheater can cause a sudden drop in the feed temperature, 
such as a furnace failure in a hydrocracker, special control 
policies need to be devised to avoid the development of a large 
transient temperature peak. 

The analysis indicates that high transient temperatures de- 
velop only in sufficiently long reactors. In the case of a zeroth- 
order reaction no temperature rise occurs unless z > z,., and the 
temperature peak is fully developed only if z 2 zC.. For a 
first-order reaction the temperature does not exceed 1 + /3 
unless z > zcr. Thus, the impact of the wrong-way behavior is not 
encountered in short reactors. 

The use of a pseudo-homogeneous model and either a zeroth 
or first-order reaction enables the determination of the com- 
plete structure of the dynamic behavior without having to per- 
form any numerical computations. Moreover, in the zeroth- 
order case the exact dynamic response can be determined di- 
rectly from the extended and new steady-state profiles. 

The analysis gives valuable insight into the wrong-way be- 
havior and points out the key parameters responsible for this 
dynamic response. While the model and the kinetics are the 
simplest one can use, the results serve as a useful baseline 
against which the predictions of more detailed and complex 
models can be compared. In a forthcoming publication we shall 
discuss the modified features which are introduced by more 
refined models and by assuming that the temperature change is 
not instantaneous. 

The plug-flow pseudo-homogeneous model may introduce 
erroneous predictions in two situations. The first is when 
steady-state multiplicity exists so that the wrong-way behavior 
may lead to either ignition or extinction of the reactor. The 
simple model is not capable of predicting steady-state multiplic- 
ity and fails to predict this potential impact of the wrong-way 
behavior. This deficiency may be overcome by modifying the 
model so that it can predict the steady-state multiplicity. One 
possibility is to account for the axial dispersion of energy in the 
reactor. 

Another prediction of the model, which violates physical 
intuition, is that the highest transient temperature is indepen- 
dent of u,, the ratio between the propagation speed of the 
concentration and t e m p e r a t u r e  dis turbances.  W h e n  u,. 15 close 
to unity, as may be  the case when the Huid is  a l iquid or a gas a t  

very high pressure, the domain of influence of the perturbation 
at the origin is very narrow, and the model predicts that ex- 
tremely fast temperature changes occur. Under these condi- 
tions, the heat transfer resistance between the Huid and the solid 
particles and the axial dispersion of energy are expected to 
reduce considerably the peak temperature from the value pre- 
dicted by the simple model. 
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APPEND1 X 

a. A Proof of Eqs. 31 and 32 

Using Eq. 22 we get: 

Subtracting Eq. A1 from A2 

For n = 0 and = 1, Eq. 23 becomes 

Consider an x characteristic between R and T (Figure 2). Integration of 
Eq. A4 gives 

x (T)  = x(R)  - In, f(y)di. ('45) 

Note that the concentration is continuous at R so that x ( R - )  = x ( R + )  = 
x, (R) .  Where R+ and R- indicate that the limit is to be taken from the left 
and right, respectively. Differentiation of Eq. A5 with respect to ?gives 

But 

so 

Eq. A4 may be rewritten as 

Subtracting Eq. A9 from A8 and using Eq. .43 gives 

Using Eq. 28 this rednces to 

Since y(R_) > (ti+), it follows from Eq. A l l  that 

W T )  
a t  
- > 0 T i n  R,. 

For any isocline defined by Eq. 31 
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Substitution of dx/dz from Eq. 2 into A12 and use of Eq. A l l  gives 

and 

Since T is to the right of R 

f ( T )  > f(R-), 
thus, it follows from Eqs. A13 and A14 that then 

(%) r > 1 .  

It follows from Eqs. 23 and 24 that 

b. Construction of lroconcentration Lines in R, 

Any isoconcentration line in R,  can be determined by integrating Eq. 
A13 starting from a point on the concentration characteristic OB corre- 
sponding to the prescribed concentration, Z. The z coordinate of the 
point R which appears in the right hand side of Eq. A13 is 

Substitution of Eqs. A26 and A27 into Eq. A23 and interchanging the 
order of differentiation gives 

Eq. 13a or 15 may be used to compute f ( R - ) ,  f ( R + ) ,  and f(T). 
A more convenient way of integrating Eq. A13, without using either 

Eq. 13a or 15 may be obtained by inverting Eq. A13 so that 
Dividing Eq. A28 by f? and rearranging gives 

and then changing the independent variable from t ( T )  to z (R) .  This is 
done by differentiating Eq. A15 with respect t (T)  and using Eq. A16 to 
obtain 

Therefore, 

; [c f? ) - ' d i  a y  + y I = 0. 

Integrating Eq. A29 along the y characteristic ST (see Figure 2) yields: 

Dividing Eq. A16 by Eq. A17 gives 

( A W  
dz(R) f ( T )  ' 

The extended and new steady states exist to the right and left of OA, 

d 4 T )  - f(R-1 - f ( R + )  -- 

respectively. Thus, y(R-) and y(R+) can be evaluated by solving 
Since y at S satisfies the steady-state equations, 

It follows from Eqs. 4, 19, A31 and A32 that 

- =  dy 
AYh(Y, 40) [1 + P - Y1. 

Dividing Eq. 44 by Eq. 23 gives 

l + P - y  
X 

(44) 
where F is defined by Eq. 11. Combining Eqs. A18 and 6 gives 

An isoconcentration line corresponding to Z can be determined by 
integrating simultaneously Eqs. A18-A21 subject to the following initial 
conditions at z (R)  = 0 

YAO) = 1 YAO) = e 
(A22a) 

Y(T(0)) = y,(zr) z(T(0))  = Zf 

where zf is the value o f z  for which x,(z) = Z. The line of zero concentra- 
tion is determined by setting 

Y(T(0)) = y<r -(T(O)) = z,.,. (A22b) 

Integration of Eq. A33 along the x characteristic RT gives 

Y(T) - (1 + P)  
y(R-1 - (1 + P )  

X ( T )  

x(R)  ' 
- -- 

Using Eq. A3, 24 and 44, we obtain 

Replacing x ( T )  in Eq. A34 by that obtained from Eq. 48 gives 

c. A Proof of hqs. 43, 44, and 48 

24 with respect to 5 gives 
Set n = 1 in Eqs. 23 and 24 and U = 0 in Eq. 24. Differentiation of Eq. 

Since Thus, thesignofJy/JtisthatofPx(R) + y(R.) - (1 + 0). FromEq. 19 
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so that 

Combining Eqs. A35, A37 and 58 gives 

8Y(T) > 
at (43) 

d. Proof of Eq. 60 

Writing Eq. 54for two values of the Thiele modulus satisfying Eq. 61 

where 

Since 7 is a monotonic decreasing function of 4” then from Eq. 61 

0 < Fl(Y-1, Y n )  < F2(Y-2, Y J  ( ~ 4 0 )  

y-,(0) = 1 i = 1, 2 ( ~ 4 1 )  

The initial conditions are 

It follows from Eqs. A38, A40 and a theorem about differential in- 
equalities that (Szarski, 1965) 

Y-,(Y,J > Y - I ( Y d .  ( ~ 4 2 )  

Since y-i is a monotonic increasing function of y a  and 

YAZ, 402) > YJZ,  401) (A43) 

it follows that 

y-(R, 402) > y- (R,  $01) Q.E.D. (60) 

NOTATION 

= pre-exponential factor 
= concentration of species A 
= specific heat of fluid 
= specific heat of catalyst 
= effective diffusivity 
= activation energy 
= dimensionless reaction rate constant 
= enthalpy of reaction 
= reaction rate constant = psS,d( l  - E)/E exp ( - ~ / y )  

n = reaction order 
R = universal gas constant 
Rt = radius of reactor 
S, 
S, 
T = temperature 
t = dimensionless t ime 
t ’  = t ime 
U 
U’ 
U = interstitial velocity 
0, = dimensionless species velocity 
V,, = volume of catalyst particle 
II = dimensionless concentration 
y = dimensionless temperature 
y,, 

z’  = axial position coordinate 

= catalytic surface a redmass  of catalyst particle 
= external surface area of catalyst particle 

= dimensionless overall heat transfer capacity 
= overall heat transfer coefficient 

= dimensionless limiting transient-peak temperature 
z 

ZC = dimensionless completion length 
Zcr 
Z r  

= dimensionless axial position coordinate 

= dimensionless critical reactor length 
= dimensionless length of the reactor  

Greek Letters 

P 
Y 

‘0  

rl 

Pr 
P s  

E 

5 

e 

7 

4” 

= dimensionless adiabatic temperature rise 
= dimensionless activation energy 
= void fraction of the  bed 
= porosity of a catalyst particle 
= length along a concentration characteristic 
= effectiveness factor 
= dimensionless feed temperature,  t > 0 
= density of fluid 
= density of catalyst 
= length along a temperature characteristic 
= Thiele modulus 

Subscripts 

i = initial steady-state 
n = new steady-state 

w =wal l  

- 

S = arbitrary steady-state 

0 = feed, t < 0 
= limit from right side of discontinuity 
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